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1. Introduction

1.1 Content
Properties of steady states for finite systems coupled to thermal reser-

VOIrs in non-equilibrium quantum statistical mechanics, in particular:

The one-dimensional, two-sided, and anisotropic XYh model:
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TEZ
e Inifinite chain of spins interacting anisotropically with two nearest
neighbors and with external magnetic field: ~ and A




Results

e Construction of the unique non-equilibrium steady state (NESS)
for the XYh chain perturbed by compact decoupling using scattering
theory

e Independence of the NESS of the size of the finite system

e Structural properties of the NESS: primary, modular, non-KMS,
quasi-free, singular,...

e Long range decay of correlation functions

e Strictly positive entropy production !
= NESS thermodynamically non-trivial |



1.2 Physics of the XYh Chain

Non-equilibrium thermodynamics as phenomenological macroscopic
field theory has its roots in phenomenological laws as, e.g.:

e Viscous flow (Newton, 1687)

e Heat conduction (Fourier, 1822)

e Electrical conduction (Ohm, 1826)

e Diffusion (Fick, 1855)

Low dimensional spin systems:

e Anomalous thermal transport coefficients in Green-Kubo theory and
experiments on SrCuO»5, Sro,CuOs3,...(XYZ):

Quantum integrability of the system !

e PrCl3z (XY)



1.3 Non-equilibrium Setting

Remove spin-spin coupling across the two bounds (=M —1,—M) and
(M, M + 1)

= New dynamics w.r.t. Hp:

= Three noninteraction subsystems with respective (r;,31), (7,0),
and (g, Br)-KMS states:
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= Infinite half-chains Z;,, Zg play role of thermal reservoirs to which
finite subsystem Zp is attached via coupling V := H — H



e NESS [R 2000]
Quantum dynamical systems:

(1) Free (&, mg) with mg-invariant state wg
(2) Perturbed (&, 71)

1 T
> (wp) 1= weak*lim-pt {? /O dt wgott, T > o}

Non-empty, weak*-compact subset of the weak*-compact set of states
E(6G) on & (6 contains 1) of r-invariant Non-Equilibrium Steady
States (NESS)



2. The Model
2.1 Kinematics

e Observables &
Uniformly hyperfinite quasi-local C* algebra over Z, i.e.:
Associate Hilbert space H, := C2 for z in index set Z,, and

H/\ = ® H{a:}v

for A\ in directed set of finite subsets of Z (direction by inclusion;
orthogonality relation by disjointness)
Corresponding full matrix algebra of observables:

6/\ L= B(H/\)



x-algebra with C* norm for arbitrary £ C Z:

6%12 U 6/\
NCL

C* completion = Infinite tensor product of B(H{x}), x € L:
(‘5£ — 6—%

Pauli matrices o1, 09,03 generate B(H(,;) = Sa: Algebra of polyno-
mials in

o = ®18100a®1®18 -, z €A
= G, Uniform limit of polynomials in a((f), x € L;

Fix M > O:

— 6{m<—M}7 — 6{—M§w§M}7 L= 6{93>M}



2.2 Dynamics
e Local XY Hamiltonian

H/\ = Z ¢(X)
XCA
e Interaction
( —%)\O':(gx)7 X = {x}7
H(X) =10 _ L1 4+ 7)ol 4 (1 - el X = {22+ 1),
| 0, otherwise

Short range, two-body
e Magnetic field strength, anisotropy:

A € R, ~€]l—1,1]

= Genuinely quantum mechanical !



° time evolution
Th(A) == erge A A c 6

= Norm continuous group of local x-automorphisms of &
¢ short range, two-body = TD limit exists:

LAY ;= lim 7L (A), A€ S
' (A) A'T”%T/\( ), A€

= Perturbed C*-dynamical XY system (G, 1)

° time evolution
= Free C*-dynamical XY system (6 =6, 60® &G, 1):

7'8=7'2®7%®TE



2.3 Araki-Jordan-Wigner
o a=1,2 <0
o0 €AULB): 0_(a) =0 +@ 4=12 x>0

a((;”), a =3, x € 7

e Two-sided C* algebra 2 :=(6,T) for T ¢ G:
T=T"* T2 =1 TA=0_(A)T
= A=64+T6
e CAR algebra § := (ag,a}|x € Z)
.= 175) (ng) — iaéx))/Q a, = 7S () (ng) + iaéx))/Q

( aél)---aéx_l), x>1
s@) .= 1. r=1

\ aéx)---ago), r <1
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(z) _
o 0 € AUL(2): 0(o5") :={ S O‘—;’Q L O(T) =

= ={AeG|0(A) =+A} and §+ :={A € F|0(A) = 1A}
Note: &4 is C* subalgebra, and 7§64 C 64, 7'64 C 64
Furthermore:

6_|_ = {§_|_, S_=T§_
e The interaction is even, ¢(X) € §4:

p

—%)\(Qa;‘jax — 1), X = {z}
¢(X) = 1 %{a;ax—l—l + CLZ_HCLJ: + ’Y(CL;CL;+1 + am—l—laa:)}a X ={z,z+ 1}
0, otherwise
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2.4 Bogoliubov Automorphisms

e Self-dual CAR algebra [A 71]
h: Complex Hilbert space, J: Antiunitary involution on b

§9,(6, 1) == (B(f), B*(f), 1] f € b):
(1) B(f)is complex linear in f
(2) {B*(f),B(9)} = (f,9)1
(3) B*(f) =B(f)

= = §Sd(f),J) C* completion w.r.t. unique C* norm

Here:
h=2(Z)©2(Z), §3 f=:(f4,]-)
J: (f—l—af-) = f—af—|—)
=Y zez [+ (x)ay + f—(x) aa:)
= § = F.q(h,J): Self-dual algebra generated by polynomials in B(f)
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e Implementing the dynamics
Finite rank operator k := ijl fi (g, - ) — = 2?21 B(f;) B*(g;)
If k+ Jk*J = 0O:

etB(k)/Q B(f) e—tB(k)/Q — B(etkf)

Here:
Hp = B(hp)/2 and hp = Lxcap(X) with o({z}) = —A|z)(z] ® o3,
p({z,z 4+ 1}) = ca ® 03 — ¥52 ® 02

= TD limit:
r{(B(f)) = B(e'™f), h = (cos€ —\) ® o3 — ySiNE ® 02

Analogously for decoupled dynamics 7§:
ho =h—v=nh;®ha®hponh=12(Z;)RC2002(Z1) @C2a02(Z) RC?
for v:=o({-M —1,-M}) + ({M,M + 1})
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2.5 Quasi-free States
e State w on F.4(h,J)

w(B(f1) -+ B(f2n)) = > sign(m) [ w(B(fr2k-1))B(fr(2r)))

TeSo, 1=1
for m(2k), m(2k+ 1) > n(2k — 1), and w(B(f1) - - B(fop+1)) =0

[A 71]: wp quasi-free

O0<T=1T"<1 T'+JTJ =1 wp(B*(f)B(g)) = (f,T9)
e Example: |
k=k*onh, k+JkJ=0and 7 (B(f)) := B(e?Ff) = T := (14¢%)~1
satisfies : and wp is (7, 8)-KMS
e Here;

M _
wo PEPR = o for To = (1 4 €¥0)~1, and kg := B hy ® 0@ Bghp
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3. Results
3.1 Existence and Uniqueness of NESS

Theorem 1
Let Br,8r € R, M € N. Then:

Z—I-(WO ﬁLﬁR) {wﬁLaﬁR}

Proof Theorem 1
e 3, =fBp=:08|[A 84] = wiL’ﬁR unique (7, 3)-KMS, and RTE

e 31 # [r Scattering theory = Mgller v (A) = ||mt_m¢0t t(A)
exists in norm, and, for Q_ :=s—lim;_, € %tho gith.
14+ (B(f)) = B(Q2—f)
BLaBR . ,6[/,63 |:|

:>w_|_ .= wp O Y4
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3.2 Further Properties of wer’ﬁR

Main Theorem 2
WIPR € £(F) has 2-point function w2 R(B*(£)B(g)) = (f,T4g) with

T, =1 ++)7t k= (8 + dsignu_)h

where

= (Br+BL)/2, = (Br—BL)/2;

i.e.:
Ba-Gibbs distribution if particle stems from «-reservoir in the past,
a=L,R.
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Proof of Theorem 2
Structure of wﬁL’ﬁR =T, = Qj_TOQJr

e Partial wave operators €2,, asymptotic projections P,
Natural injection: iq: £2(Za) ® C? — £?(Z) @ C?, o = L, R:
‘=5 — lim e tha j* gith =5 — lim e " ,i¥ etth
t—00 t—00

(1) [Kato-Birman] = Existence

(2) Q= ZQE{L7R} 1o 20

(3) ha Qa — Qah

(5) PL+Pr=1

(6) [Pa,h] =0

From Tg = (1 + ek0)~1 with kg := 8, h; $0& Brhp, and (1)-(6):

T, = (1+ef+)71 ky =Bh+38(Pgr— Pr)h
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e Asymptotic velocity v_
Set z 1= —i0: ® 1, o = e ithygith = _i[h, z], and p; ;= e~ ®hpeith

First: o(h) = oac(h) = Pp — P, = s — limy_, sign =t

Second: Compute z; via 24 = pr by p = p-o0,h = h -0, and SU(2)-
SO(3) homomorphism

(:u .= ph/hh, h(g) L= (07 —VSing,COS£—A), p(g) L= (07 —7 COS&, _Slng))
= S — limy_, o 3t = ph on common core
= S-resdim; oo 5t = ph =:

Third: o(uh) = ogc(uh) = Main Theorem 2:

PR — PL = Sigh v_
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Theorem 3

The unique NESS w“"R is:

(1) attractive

(2) independent of M

(3) translation invariant

(4) primary

(5) modular

(6) quasi-free

(7) KMS for r, iff 8, = Bp

(8) singular w.r.t. wéw’ﬁL’ﬁR, if 87 %= Bgr

19



Proof Theorem 3
(1) attractive: limy_oowy PE7R(7H(A)) = PPR(A), A€ &
(2),(3) T4 independent of M, commutes with translations
(4),(5) o(T4) = 0ac(Ty ), textcolormagental[A 71]
Y M7 Y
(6) wg_LﬁR:wo 5LBRO,Y+
(7) [A 84]
(8) (4), [J,P 2002], Theorem 4
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3.3 Entropy production
Entropy production in NESS wf_L’ﬁR C Z_|_(wéw’ﬁL’ﬁR) [J,P 2001]:

Ep(wiLﬁR) = 87 wg_LaﬁR(ch) ‘I'ﬂRWf_L’ﬁR(CDR)
&; = —i[H,H;], &g = —i[H, Hg]: Heat fluxes Z;, Zr — Z

Theorem 4

BLBry _ O (27 =h ol

E = 2| S-Ip-h

P(w”™™) 2Jo 2. P |ch2(6|hl/2)+5h2(5|h|/2)
Ep(wg_L’ﬁR) > 0 it Or 7 Or

Proof Theorem 4
Explicit computations !
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3.4 Correlation functions

Longitudinal correlations:

Cg(a:) — wf_LﬁR(U:())O)U:gx)) _ w_ﬂl_LﬁR(a:gO))Q

Theorem 5

0 < limsup |z? Ci ()| < oo
r—00

Proof Theorem 5
Araki-Jordan-Wigner = Fermionic 4-point function

Wick expansion = C3'(z) = 4det T, (x)
Analysis of singularities in T (z) !
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4. Outlook

e Correlation functions long range out of equilibrium 7!
For Longitudinal correlations:

0 < limsup|z? C3 (2)]| < oo
T— 0

lL.ong range effective Hamiltonian through conserved charges !
Integrability of the system, selection of NESS, and Fourier Law 7
Central limit theorems

Gallavotti-Cohen fluctuation of the entropy production

Onsager on graph systems

Functional analysis and modular theory: Ergodic properties

We are at the beginning only of a rigorous treatment of quantum
statistical systems out of thermal equilibrium...
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