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1. Motivation

• unusual transport properties in low-dimensional magnetic systems:
intensively studied experimentally and theoretically
best physical realisation of 1d, S = 1/2 Heisenberg model: interchain/intrachain interaction small

[Sologubenko et al. 00] anomalously enhanced conductivity along chain direction

• XY chain one of simplest non-trivial models in quantum statistical
mechanics: testing ground for new ideas
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• spin-spin correlations in XY chain at T = 0 and T > 0 in equilibrium

[Lieb, Schultz, Mattis, Barouch, McCoy,...60’]

HXY = −1
4

∑
x∈Z

(
(1 + γ)σ(x)

1 σ(x+1)
1 + (1− γ)σ(x)

2 σ(x+1)
2 + 2λσ(x)

3

)

hµ/J = λ

• general translation invariant quasi-free states:

simple criterion for exponential decay of spin-spin correlations ?

3



2. Setting

2.1 CAR algebra

• CAR algebra A over `2(Z)

B(F ) = a∗(f1) + a(f̄2)

F = [f1, f2] ∈ `2(Z)⊕ `2(Z)

• antiunitary involution J[f1, f2] = [f̄2, f̄1]

• self-dual CAR

{B∗(F ), B(G)} = (F,G), B∗(F ) = B(JF )

Araki’s self-dual CAR algebra Asdc(h, J) ' Acar(Ph), basis projection JPJ = 1− P
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2.2 Quasi-free states

• ω vanishes on the odd polynomials, and

ω(B(F1)...B(F2n)) =
∑
π

sign(π)
n∏

j=1

ω(B(Fπ(2j−1))B(Fπ(2j)))

Fj ∈ `2(Z)⊕ `2(Z) with j = 1, ...,2n and every n ∈ N, sum over pairings of {1,2, ...,2n}

• correlation C(n) = ω(B(F1)...B(F2n))

n = 3 r r r r r r� � � � � �− r r r r r r� �����
+r r r r r r� ����� − r r r r r r����� �

+r r r r r r������− r r r r r r��� ���
+ . . .

• correlation matrix Ω(n) ∈ C2n×2n

Ω(n)kl =


ω(B(Fk)B(Fl)), k < l

0, k = l
−ω(B(Fl)B(Fk)), k > l

⇒ C(n) = pf Ω(n)

pf A Pfaffian of A

Ω(n)t = −Ω(n) ⇒ C(n)2 = det Ω(n)
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Assumption 1 translation invariance

∗-automorphism τx(B(F )) = B(UxF ), Ux = ux ⊕ ux, (uxf)(y) = f(y − x)

ω ◦ τx = ω

Assumption 2 form factors Fj

F2j−1 = UjG0, F2j = UjG1

Assumption 3 initial form factors G0, G1

G0 = [−δ−1, δ−1], G1 = [δ0, δ0]

spin-spin after Jordan-Wigner: σ(0)
1 σ(n)

1 = B(F1)B(F2) · . . . ·B(F2n)

⇒ Ω(n) 2× 2 block Toeplitz matrix

Ω(n)k+2,l+2 = Ω(n)k,l

⇒ analysis of Toeplitz operators
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3. Toeplitz theory

`2N = {f : N→ CN | ‖f‖ <∞}, ‖f‖ =
(∑∞

i=1 ‖fi‖
2
CN
)1/2

L∞N×N = {φ : T→ CN×N |φij ∈ L∞(T), i, j = 1, ..., N}

Toeplitz operator on `2N , f 7→ {
∑∞
j=1 ai−j fj}

∞
i=1, ax ∈ CN×N

bounded ⇔ exists a ∈ L∞N×N s.t.

ax =
∫ 2π

0

dξ

2π
a(ξ)e−ixξ

symbol a, and

T [a] =


a0 a−1 a−2 ...
a1 a0 a−1 ...
a2 a1 a0 ...
... ... ... ...
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• finite section

Tn[a] = PnT [a]Pn|ImPn

Pn({x1, ..., xn, xn+1, ...}) = {x1, ..., xn,0,0, ...}

• norm of Toeplitz operators

‖T [a]‖ = ‖a‖∞,

‖a‖∞ = ess supt∈T ‖a(t)‖L(CN)

Avram-Parter

t
(n)
1 , ..., t

(n)
Nn singular values of Tn[a], g ∈ C0(R)

lim
n→∞

1

Nn

Nn∑
j=1

g((t(n)
j )2) =

1

N

∫ 2π

0

dξ

2π
tr g(a∗(eiξ)a(eiξ))
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4. Asymptotics
4.1 Symbol

2-point operator S

ω(B∗(F )B(G)) = (F, SG), 0 ≤ S ≤ 1, JSJ = 1− S
ωs ≡ ω
• translation invariance ωS ◦ τx = ωS ⇔ [S,Ux] = 0

• Fourier s = FSF∗ on L2(T)⊕ L2(T): multiplication by sij ∈ L∞(T)
F =ˆ⊕ˆ

Lemma If Assumptions 1,2,3 hold, and if (F[JGα], sF[Gβ])C2 ∈ L∞(T),
then Ω = T [a] ∈ L(`22) with symbol

a =

[
(F[JG0], sF[G0])C2 + 1 (F[JG0], sF[G1])C2

(F[JG1], sF[G0])C2 (F[JG1], sF[G1])C2 − 1

]
,

and

Ω(n) = Tn[a].

9



4.2 Exponential decay

S = {ξ ∈ [0,2π) | 1/2 6∈ spec s(eiξ) 6⊆ {0,1}}

Theorem If L(S) > 0, then

lim sup
n→∞

1

n
log |C(n)| ≤

1

2

∫
S

dξ

2π
log |det(2s(eiξ)− 1)| < 0.

Remark generalisation to

(JUxGα, Gβ) = 2(−1)α+1δαβδx0, JGα = (−1)α+1Gα, (F[Gα],F[Gβ])C2 = 2δαβ and beyond
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Proof
• since |C(n)|2 = |detTn[a]|, estimate singular values of Tn[a]

0 ≤ t(n)
1 ≤ t(n)

2 ≤ . . . ≤ t(n)
2n = ‖Tn[a]‖

• Nε,n = ]{t(n)
j | (t(n)

j )2 ≤ ε} with ε > 0

⇒ |C(n)|4 =
∏2n
j=1(t(n)

j )2 ≤ εNε,n
∏2n
j=Nε,n+1(t(n)

j )2

• define -

6

u
0
u
ε
u

2ε
u
R
u

R+ ε R = ‖T [a]‖2 + 1
�
�
�
�� @

@
@
@@

u1

χε(x)

gε(x) =

{
0, x ≤ 0

χε(x) logx, x > 0

⇒ log |C(n)|4 ≤
∑2n
j=Nε,n+1 log((t(n)

j )2) ≤
∑2n
j=1 gε((t(n)

j )2)
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[AP] ⇒ lim sup
n→∞

1

n
log |C(n)| ≤

1

4

∫ 2π

0

dξ

2π
tr gε(a

∗(eiξ)a(eiξ))

• to estimate trace term, define

Sc = {ξ ∈ [0,2π) | 1/2 6∈ spec s(eiξ)},
Sb = {ξ ∈ [0,2π) | spec s(eiξ) 6⊆ {0,1}},
Rδ = {ξ ∈ [0,2π) | spec a∗(eiξ)a(eiξ) ⊆ (δ, ‖a‖2∞]},

• det a(eiξ) = −det [2s(eiξ)− 1]

• Sc = {ξ ∈ [0,2π) | spec a∗(eiξ)a(eiξ) ⊆ (0, ‖a‖2∞]}
• L(Rδ) > 0 for sufficiently small δ since L(Sc) ≥ L(S) > 0

⇒ 1
4

∫ 2π
0

dξ
2π tr gε(a∗(eiξ)a(eiξ)) ≤ 1

2

∫
R2ε

dξ
2π log |det a(eiξ)|

δ = 2ε small enough
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• −1 ≤ 2s(eiξ)− 1 ≤ 1 ⇒ |det a(eiξ)| ≤ 1

• Sb = {ξ ∈ [0,2π) | |det a(eiξ)| 6= 1}
• L(Sb ∩R2ε) > 0

⇒
1

2

∫
R2ε

dξ

2π
log |det a(eiξ)| =

1

2

∫
Sb∩R2ε

dξ

2π
log |det a(eiξ)| < 0

2
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5. Examples

5.1 Decay out of equilibrium

• non-equilibrium steady state ω of the XY chain [A,Pillet 03]

H = −
1

4

∑
x∈Z

(
(1 + γ)σ(x)

1 σ
(x+1)
1 + (1− γ)σ(x)

2 σ
(x+1)
2 + 2λσ(x)

3

)
γ anisotropy, λmagnetic field

• quasi-free initial state

ω0 = ω
βL
L ⊗ ω� ⊗ ω

βR
R t t t t t t t t t t t t t t t0 M-M

-

Z� ZRZL
6

• scattering on 1-particle space ω = ω0 ◦ γ with γ = limt→∞ τ
−t
0 τ t

τ0 decoupled dynamics, τ dynamics with closed bonds

s(eiξ) =
(

1 + eβ h(eiξ)+δ k(eiξ)
)−1

β = (βR+βL)/2, δ = (βR−βL)/2, h(eiξ) = (cos ξ−λ)⊗σ3−γ sin ξ⊗σ2, k(eiξ) = sign(κ(eiξ))µ(eiξ)⊗σ0
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• spectrum of s(eiξ)

λ±(eiξ) =
1

2
(1 + ϕδ,β(eiξ) signκ(eiξ)± ϕβ,δ(eiξ))

ϕα,α′ =
sh (αµ)

ch (αµ) + ch (α′µ)
, µ =

(
(cos ξ − λ)2 + γ2 sin2 ξ

)1/2

critical parameters H = {(γ, λ) ∈ {0} × (−1,1) ∪ (−1,1)× {±1}}
• non-critical case (γ, λ) /∈ H: S = [0,2π), and gap (strengthens [AB06])

• critical case (γ, λ) ∈ H: S = [0,2π), no gap

lim sup
n→∞

1

n
log |C(n)| ≤

1

2

∫
S

dξ

2π
log[th(βLµ(eiξ)/2) th(βRµ(eiξ)/2)] < 0
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5.2 Decay in equilibrium at positive temperature

s(eiξ) =
(

1 + eβ h(eiξ)
)−1

δ = (βR − βL)/2 = 0

• change in decay rate (βL < βR)

2 log th(βLµ/2) ≤ log[th(βLµ/2)th(βRµ/2)] ≤ 2 log th(βRµ/2)

⇒ faster decay out of equilibrium than in thermal equilibrium (at βR)
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examples with L(S) = 0 ⇒ Theorem not applicable
which behavior possible ?

5.3 Decay at vanishing temperature

s(eiξ) =
1

2

(
1 +

1

µ(eiξ)

[
cos ξ − λ −iγ sin ξ
iγ sin ξ −(cos ξ − λ)

])
δ = 0, β =∞

• vanishing long range order, slow decay
γ = λ = 0 ⇒ n−1/2

• nonvanishing long range order
0 < γ, λ < 1 ⇒ limn→∞ |C(n)| = κ(γ, λ) > 0
γ2 + λ2 = 1 ⇒ |C(n)| = κ(γ, λ) for all n
• constantly vanishing correlation
γ = 0, λ ≥ 1 ⇒ C(n) = 0

Remark construction of simple examples with 0 ≤ s(eiξ) ≤ 1, σ1s(e−iξ)σ1 = 1− s(eiξ)

17


