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1. Motivation

e unusual transport properties in low-dimensional magnetic systems:

intensively studied experimentally and theoretically
best physical realisation of 1d, S = 1/2 Heisenberg model: interchain/intrachain interaction small

FIG. 2. Temperature dependence of the thermal conductivity of
SroCully along the a, b, and o axes. &, is the calculated spinon
thermal conductivity along the £ axis, The solid line is the estimated
sum of spinon and phonon thermal conduct vities assuming that the
spinon mean free path is equal to the distance between bond defects
(see text). The schematic crystal structure is shown in the inset.

[Sologubenko et al. 00] anomalously enhanced conductivity along chain direction

e XY chain one of simplest non-trivial models in quantum statistical
mechanics: testing ground for new ideas



e Spin-spin correlations in XY chain at I' =0 and 7" > 0 in equilibrium
[Lieb, Schultz, Mattis, Barouch, McCoy,...60’']
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e general translation invariant quasi-free states:
simple criterion for exponential decay of spin-spin correlations 7
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2. Setting
2.1 CAR algebra

e CAR algebra A over (2(Z)

B(F) = a*(f1) + a(f2)

F = [f1, f2] € £2(Z) & (*(Z)
e antiunitary involution J[f1, fo] = [fo, f1l
e self-dual CAR

{B*(F),B(G)} = (F,G), B'(F)=B(JF)

Araki's self-dual CAR algebra A,..(h,J) ~ A.r(Ph), basis projection JPJ =1 - P



2.2 Quasi-free states

e w Vvanishes on the odd polynomials, and

w(B(F1)..B(F2n)) = S sign(r) [ w(B(Fr(aj_1))B(Fr2:)))
T j=1

F; € 2(Z) ® ¢2(Z) with j = 1,...,2n and every n € N, sum over pairings of {1,2,...,2n}

e correlation C'(n) = w(B(F1)...B(F5,))

n=3 OO-OMMHIAN-MMOH AN (AT - -

e correlation matrix Q(n) € C2nx2n

w(B(F)B(R)), k<1
Q(n)kl = 0, k=l = C(n) = pf Q(n)
—w(B(F)B(Fy)), k>1
pf A Pfaffian of A
Qn)t=—-Qn) = Cn)2=detQ(n)



Assumption 1 translation invariance

x-automorphism 7.(B(F)) = B(U,F), U, =uz®uz:, (usf)(y)=f(y—1x)

WO Ty =W

Assumption 2 form factors Fj

Foj1 =UjGo, [Io; =U;Gy

Assumption 3 initial form factors Gg, G4
GO — [_5—175—1]7 Gl — [50750]

spin-spin after Jordan-Wigner: Ugo)agn) = B(F1)B(F3) - ... - B(F2y,)

= Q(n) 2 x 2 block Toeplitz matrix

Q) k42,142 = Q2(n)g
= analysis of Toeplitz operators



3. Toeplitz theory

1/2
2 ={f N CV ] < oob, IIfll = (522, I1fil2)
LYy ={¢: T — CVN*N|g; € L>®(T),i,j =1,..,N}

Toeplitz operator on £3;, f — {¥52; a;—; fj}521, az € CN>N
bounded & exists a € L, v S-t.

symbol a, and

Tla] =




e finite section
Tn[a] — PnT[a]Pnhm Py,

P.({x1, ..., Tn, xp+1,...}) = {z1,...,25,0,0, ...}

e norm of Toeplitz operators
|T'[a]]] = [|a]loo,
|al|cc = esssuper [la(t) zcv

Avram-Parter
tgn), ...,t%”g singular values of Ty[a], g € Co(R)

2m dg

£ tr g(a* (@ )a(e’))



4. Asymptotics
4.1 Symbol

2-point operator S
w(B*(F)B(G)) =(F,SG), 0<S§<1,JSJ=1-S5
Ws = W

e translation invariance wgo 1 = wg < [S,Uz] =0

e Fourier s = FSF* on L?(T) & L?(T): multiplication by s;; € L(T)
F="&"

Lemma If Assumptlons 1,2,3 hold, and if (F[JGal, sF[Gg])2 € L>(T),
then Q = T[a] € E(B ) with symbol

(FI[JGol, sFlGol)e2 +1  (F[JGol, sF[G1]) 2
(FIJG1], sFIGoDe2  (FIJG1], sFIG1]) 2 — 1

and

Q(n) = Thlal.



4.2 Exponential decay

& ={¢ec[0,2m) | 1/2 ¢ specs(e®) Z {0,1}}

Theorem If £(&) > 0, then

1 1 d :
limsup —log|C(n)| < —/ % log | det(2s(e’) — 1)| < O.
2621

n—oo n

Remark generalisation to
(JUpGa, Gg) = 2(—1)F16,30,0, JGa = (—1)*T1G,, (F[Ga], FIGs))c: = 26,5 and beyond
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Proof
e since |C(n)|? = |det Ty[a]|, estimate singular values of Ty[a]

0 <t < <. <t = | Thlal|

.A@m::ﬁn§”|@§”y2§e}vawe>>o

= O =132, ("2 < Mo 2n 1 (1)?

- Xe(x)
e define _._4 \. .
2¢ R R+e R=|T[a]|?+1
0, <0

ge(x) = {

xe(z)logz, = >0

= log|C(m)* < ¥20 L1 log((1)2) < 720, g-((§")?)
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1 7 . .
[AP] = limsup = log |C(n)| < 1/ CE trge(a* (9)a(e))
n—oo N 4 J0

e tO estimate trace term, define

S = {£€][0,2m)
S, = {£€0,2n)
Rs = {£€0,27)

1/2 ¢ spec s(e)},
specs(e'®) Z {0,1}},
speca*(e")a(e®) C (4, |lall3]},

o deta(e®) = —det [2s(ef) — 1]

e 6. = {¢ €[0,27) | speca*(e)a(e’) C (O, [|al|Z.]}
e £(Rs) > 0 for sufficiently small § since £(&.) > £(&) > 0

= 28T E trge(a*(e®)a(e®)) < & i, 52 log |deta(e’d)

0 = 2¢ small enough
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o —1<2s(e’®) —1<1 = |deta(e®)| <1
e &, = {¢ € [0,2n) | |deta(¢€)] # 1}
° 2(65 NNRo.) >0
1, de 1 de

— | = log |deta(e’)| == =
2 9%2527'(' 2 6({7%2527{'

log |deta(e®)] < 0
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5. Examples
5.1 Decay out of equilibrium

e non-equilibrium steady state w of the XY chain [A,Pillet 03]
1
H = 2 > ((1 + ’y)agw)agx_l_l) + (1 — ’y)agx)crgH—l) + 2>\a§f’3))
TrEL

~v anisotropy, A magnetic field

e quasi-free initial state

-M 0 M
w0=w€L®wD®ng — .
e scattering on 1l-particle space w = wgo~y with v =1lim;_, TO—tTt

0 decoupled dynamics, = dynamics with closed bonds
s(ef) = (1 14 eBhle™)+ak(e ))

B=(Br+PLr)/2, 6 =(Br—0L)/2, h(e®) = (cosé —AN)®@o3—~vSiné®oa, k(e?) = sign(k(e®)) u(e®) ® oo
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e spectrum of s(e%)
: 1 : . : :
i () = 5(1 + ©5,5(e") sign k(e™) £ g 5(e))

sh (ap)

_ )1/2
~ ch(ap) +ch(a/p)’

ool = ((cosg — M2 4 ~2sin?¢

critical parameters H = {(v,\) € {0} x (-1,1)U(—1,1) x {£1}}
e non-critical case (v,A\) ¢ H: G = [0,27), and gap (strengthens [AB06])
e critical case (v,A\) e H: & = [0,27), no gap
1 1 de
lim sup = log |C(n)| < _/
n—>oopn 9|0 n)l < 2J)62

T

log[th(Bru(e’)/2) th(Bru(e®)/2)] < 0
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5.2 Decay in equilibrium at positive temperature
. ien\ —1
8(615) = (1 + P hie ))
6 = (Br—Pr)/2=0

e change in decay rate (87, < 8Br)
21logth(Bru/2) < log[th(Bru/2)th(Bru/2)] < 21ogth(Bru/2)

= faster decay out of equilibrium than in thermal equilibrium (at Gg)
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examples with £(6) =0 = Theorem not applicable
which behavior possible 7

5.3 Decay at vanishing temperature

: 1 1 COS€ — A —37ySin

s(e") = 2 (1 T 1(eié) iysﬁng —(coég —£>\) D
0=0, =00
e vanishing long range order, slow decay
y=A=0 = n—1/2
e nonvanishing long range order
O0<y, A<l = limp—so|Cn)| =r(y,\) >0
Y 4+A2=1 = |C(n)|=r(y,\) for all n
e constantly vanishing correlation
vy=0, A>1 = C(n)=0

Remark construction of simple examples with 0 < s(e¥) < 1, o15(e"%)o1 = 1 — s(e)
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